In this study an attempt is made to generate the microstructure of short fibre composites through representative volume element (RVE) approach and then analyzed using mathematical theory of homogenization with periodic boundary conditions to estimate the homogenized or effective material properties. An algorithm, based on random sequential adsorption technique (RSA), has been developed to generate the RVE for such materials. The goal of the present study is to demonstrate the methodology to generate RVEs which are effective in predicting the stiffness of the short fibre composites with repetitiveness. For this purpose, RVEs for four different scenarios of fibre orientations have been developed using this technique. These four different scenarios are: Fibres are aligned in a direction; fibres are oriented randomly in one plane; fibres are randomly oriented in one plane and partially random oriented in other plane and finally, fibres are completely random oriented. For each case three to four different fibre volume fractions are studied with five different RVEs for each volume fraction. These four cases presented different material behaviour at macroscale due to random location and orientation of fibres. The effective properties obtained from numerical technique are compared with popular non RVE methods like Halpin-Tsai and Mori-Tanaka methods for the case where fibres are aligned in a direction and were found to be in good agreement. The variation in the predicted properties for a given volume fraction of any of the four cases studied is less than 1%, which indicates the efficacy of the algorithm developed for RVE generations in repetitiveness of predicted effective properties. The four cases studied showed gradual change in macroscopic behaviour from transversely isotropic, with respect to a plane, to a nearly isotropic nature.
Introduction
Materials selection and their properties plays a primary role in engineering design. The performance of the structure or component relies mainly on the material properties. Fibre reinforced composites (FRC) made with polymer matrix materials are popular materials due to their high specific stiffness, strength, toughness and fatigue behaviour. Fibre reinforced composites, with long fibres, processed by cost effective manufacturing techniques are efficient to carry primary loads, but there are many applications for which the requirements are less demanding and the expensive manufacturing techniques cannot handle long fibres due to complexity of shape. Therefore, in such situations short fibre reinforced composites (SFRC) are widely used ( Harris, 1999 ) . SFRC products are commonly manufactured by conventional manufacturing techniques like injection moulding, compression moulding and extrusion processes, etc. However, injection moulding process fibre location, fibre aspect ratio, cross sectional geometry of fibre and size of RVE decide the properties of resulting material. These criteria have to be considered while predicting the properties of short fibre composites. This leads to a challenging task. The different methods used to predict the properties of SFRCs are analytical or non RVE methods, micromechanics based finite element method using homogenization techniques and Fast Fourier Transform technique.
To investigate the material behaviour of SFRCs, different analytical methods are available in literature. The most popular methods are ( Mori and Tanaka, 1973 ) and ( Halpin, 1969; Halpin and Kardos, 1976 ) techniques. Mori and Tanaka (1973) technique is based on Eshelby 's (1957) inclusion in isotropic medium to estimate the average internal stress in a matrix containing inclusion with eigenstrain. Mori-Tanaka method does not derive the explicit relations for the effective stiffness tensor of composite. Later, Benveniste (1987) reconsidered and proposed a closed form expression to compute the effective moduli based on the assumption that the average strain in inclusion is related to average strain in matrix material by a fourth order tensor. This fourth order tensor relates uniform strain in the inclusion embedded in matrix material, subjected to uniform strain at infinity. Chow (1978) ; Tucker and Liang (1999) proposed an expression for strain concentration tensor based on dilute Eshelby's model and average strain in matrix, to predict the stiffness tensor of short fibre composites.
Among numerical approaches, Ionita and Weitsman (2006) developed a material model for SFRCs which simulates the random geometry of material based on laminated random strand technique to predict the material properties. This method is based on classical laminate theory where the fibres are randomly oriented in inplane and does not account for out of plane orientation of fibres. Nazarenko et al. (2016) developed a mathematical model based on energy-equivalent homogeneity combined with the method of conditional moments to analyse short fibre composites. The parallel and random distribution of fibres was considered and the interphase was described by Murdoch material surface model. The properties of the energy-equivalent fibre are determined on the basis of Hill's energy equivalence principle assuming its cylindrical shape.
Approaches using finite element method, as a numerical tool, to compute the material behaviour of SFRCs are very popular. Kari et al. (2007) developed the RVE models based on the numerical technique to estimate the material behaviour of random short fibre composites. They studied the influence of size effect on RVE considering both the constituents as isotropic in nature. Velmurugan et al. (2014) estimated the effect of material behaviour influenced by unidirectionally aligned curved short fibre composites for glass/epoxy composites and aluminum/boron composites. In their study, curved fibres of sinusoidal shape were considered and characterized by amplitude, wavelength and diameter of fibre. Jain et al. (2013) developed the microstructure model known as volume element using random sequential algorithm (RSA) (2007) to predict the stresses in individual inclusion and matrix material. The fibres were modeled as sphero-cylinders and ellipsoids of various aspect ratios. Further, fibres were allowed to be unidirectionally aligned and also randomly oriented in in-plane. Fully random orientation of fibres was not considered in their study. Fu and Lauke (1996) developed an analytical method considering the effects of fibre length and fibre orientation distributions for predicting the tensile strength of short fibre reinforced polymers. The strength of these polymers is derived as a function of fibre length and fibre orientation distribution taking into account the dependences of the ultimate fibre strength and the critical fibre length on the inclination angle and the effect of inclination angle on the bridging stress of oblique fibres. Ghossein and Lévesque (2012) developed a numerical tool to predict the effective properties of composites by generating RVE with randomly distributed spherical particles as reinforcement using an algorithm based on molecular dynamics. Duschlbauer et al. (2006) developed an RVE by using Monte Carlo algorithm to estimate the thermoelastic and thermophysical behaviour of metal matrix composites. In their study, the fibres were oriented randomly in in-plane direction. Eckschlager et al. (2002) also implemented the unit cell approach for metal matrix composite to study the elastic behaviour of random oriented discontinuous fibre reinforcements. Spherical and cylindrical fibre reinforcements were generated using RSA algorithm for 15% volume fraction. A finite element implementation of these models was done using ABAQUS. Doghri and Tinel (2005) proposed an RVE development using orientation distribution function and averaging is pronounced in two steps. Firstly, homogenization of each pseudo grain is obtained. Secondly, homogenization of all pseudo grains is done to estimate the macro response of RVE. Numerical simulations were performed on elasto-plasto matrix components known as silicon fibre reinforced aluminum alloy. Pan et al. (2008a) developed a numerical technique to generate the microgeometry using RSA technique to estimate the effective properties of short fibre reinforced composites. Glass fibres were modeled with an elliptical cross sectional shape and large volume fraction is obtained by allowing the fibres to bend sharply over the other fibres at the crossing region, which leads to a high stress concentration in the kink region of fibres. They also addressed the fibre interaction effect on local stress field by varying the distance between two fibres. Advani and Tucker (1987) applied the use of even order orientation tensors to study the effect of orientation on unidirectional aligned composites. Ogierman and Kokot (2016) studied the fibre orientation and its influence on material properties and dynamic response of the structure based on the coupling of injection moulding technique to distribute the short fibres, microscale modeling to represent an RVE and finite element based homogenization technique to estimate the material properties. Orientation averaging approach proposed by Advani and Tucker (1987) is considered to couple the fibre orientation data obtained from injection moulding technique and to estimate the effective properties. Berger et al. (2007) evaluated the effective properties of randomly distributed cylindrical fibre composites. They used numerical homogenization tool for this purpose. Their focus was to study the influence of change in volume fraction and length/diameter aspect ratio of fibres. In their study they considered arbitrarily oriented and parallel oriented fibre arrangements.
Most of the works based on some homogenization technique depend on the size of an RVE. In the present study, a micromechanics model based on mathematical theory of homogenisation is implemented to determine the effective properties. This approach is independent of the size of RVE. RVE development plays a key role in finite element procedure to determine the effective properties of the material.
The behaviour of a composite material can be predicted by studying the effect of its individual constituents at microscale. The arrangement of fibres in matrix plays a vital role in the development of a model for this study. The assumptions made for a typical micromechanics analysis can be seen in the work of Hori and Nemat-Nasser (1999) . A square packed fibre and matrix arrangement is popularly used model to represent the microscale model of continuous fibre composites as shown in Fig. 1 (a) (shown as an example). Due to symmetry and periodic arrangement of fibres, a single rectangular array can be used to analyse the material at microscale which is known as representative volume element (RVE). Similarly, a random packing and periodic arrangement of fibre and matrix at microscale indicates a RVE for short fibre composites. A sample RVE (in 2D) for short fibre composite is shown in Fig. 1 (b) . The characterization of a composite material structure is studied using RVE at the microlevel, which decouples the composite analysis into macro and micro level analyses. Microstructural details are considered in local level analysis to determine the effective properties and to calculate the relationship between effective or average RVE strain and the local strain within the RVE. In global level analysis, the actual composite structure is replaced by an equivalent homogenized material having the calculated effective properties to determine the average stress and strain within equivalent homogenized structure ( Hollister and Kikuchi, 1992 ) . Sukiman et al. (2017) studied a microstructure of randomly distributed short fibre composites using computational homogenization to evaluate effective thermal and mechanical properties. The focus of the work was to study the effect of area fraction on the size of the deterministic representative volume element (DRVE). This study was based on two dimensional RVE.
Determination of RVE size is an important aspect for RVE based methods. In general, the RVE must be chosen such that the requirements of statistical homogeneity must be satisfied by the RVE so as to provide a meaningful statistical representation of typical material properties. Iorga et al. (2008) proposed a method based on laminated random strand method for RVE size. This method is well suited for the composites with randomly oriented in-plane fibres. Pelissou et al. (2009) proposed a statistical strategy for RVE size determination for a metal matrix composite with randomly distributed aligned brittle inclusions. The work carried out by Gitman et al. (2007) can be seen, as an example, for more details on existence and size determination of RVE. One can also see the study of Kanit et al. (2006) for the estimation of RVE size.
The main objective of this article is to automatically develop an RVE of short fibre composites and estimate its effective properties through micromechanical models. Here, random sequential adsorption technique proposed by Pan et al. (2008b ) is implemented in a numerical method to generate the RVE for chopped fibre composites. The mathematical theory of homogenization ( Hollister and Kikuchi, 1992 ) is used to predict the effective properties of RVEs developed. Furthermore, the homogenization method is implemented in a finite element code with periodic boundary conditions. This is implemented through the periodic nature of RVEs generated. Thus, the overall goal is to develop an approach to generate the microstructure of short fibre composite and predict its effective macroscopic behaviour. Further, the approach should be efficient in predicting the properties repetitively for a given scenario. The detailed procedure implemented to make the RVEs periodic in nature is also presented. In the present study, different scenarios of RVEs have been generated to study the effect of fibre orientations on the effective properties. Here, the following four types of RVEs are generated and studied for the effective behaviour.
Case 1: Fibres are aligned in a direction. Case 2: Fibres are randomly oriented in one plane. Case 3: Fibres are randomly oriented in one plane and a small deviation is allowed in one of the remaining plane. Case 4: Fibres are completely randomly oriented in all planes.
Furthermore, the effect of fibre volume fraction on the effective properties of the RVEs of all four cases is also studied. For each of the case, three fibre volume fractions are studied and for each volume fraction five RVEs are generated and analyzed for effective properties.
The novelty of the current study is to give a simple methodology, using RSA technique to generate the RVE with periodicity of the material for short fibre composites. Here, the emphasis is given on the generation of 3D RVEs rather than 2D RVEs for better interaction effect of surrounding fibres. A detailed methodology to ensure the material periodicity across all boundaries of the cuboid RVE has been presented. Further, a suitable homogenization procedure is used such that for a given type of fibre distribution the effective properties from different RVEs are predicted consistently. This has been demonstrated through numerous simulations over different RVEs as mentioned above.
In the following section, the methodology adopted for the generation of RVEs is presented in detail. Thereafter, the efficacy of the generated RVEs presenting different types of composites is demonstrated through their effective properties. The effective properties of these RVEs are predicted by mathematical theory of homogenization ( Hollister and Kikuchi, 1992 ) . The theory is implemented through a finite element code. The finite element formulation of the theory is also presented briefly. Finall y, the effective properties of the resulting composites are analyzed and presented.
Remark 1. The development of an approach for RVE generation for short fibre composite and its effective behaviour prediction can easily be applied to multi-scale CNT (Carbon Nano-Tube) composites analysis. The effective Carbon nano-fibre can be obtained either from molecular dynamics or from micro-mechanics technique like Concentric Cylinder Assemblage (CCA) model of Hashin and Rosen (1964) . The details of this work can be seen in Seidel and Lagoudas (2006) . Here, the effective CNT fibres can be used as short fibre in the RVE. The present work is a link aimed for such a multi-scale analysis.
Generation of RVE
In determining the effective properties of composite materials using finite element technique, the generation of RVE plays a vital role. In the present study the size of the cuboid shape RVE is chosen following the work of Iorga et al. (2008) . The size of the RVE is based on laminated random strand method. It takes into account the length and diameter (aspect ratio) of fibres. Further, the thickness dimension of the RVE is chosen based on pseudo-layers of the stands. More details can be seen in Iorga et al. (2008) and references therein. One can see the work of Gitman et al. (2007) for the various definitions of an RVE used in literature as well its size determination.
In this section, steps involved in the generation of an RVE with geometric periodicity is explained in the following.
Random sequential adsorption technique
Random sequential adsorption technique is widely employed to generate the representative volume element to study the elastic properties of random chopped fibre composites. In the following, we briefly explain the working of this technique. ( Iorga et al., 2008 ) .
In a 3D space, chopped fibre is modeled as a straight cylinder with its center point C , radius r , length l , in-plane orientation angle and out-of-plane orientation angle θ , as shown in Fig. 2 .
The random sequential adsorption algorithm for RVE generation deposits fibres sequentially into the cube by randomly generating their center points C and two Euler angles. Here, the location and orientations are generated according to uniform probability distribution function. Practically, two fibres are not allowed to intersect each other. Further, the penetration of a new fibre with previously accepted fibre is also not allowed in RSA algorithm. The periodicity of fibre is maintained in RSA algorithm to ensure material continuity across the boundaries when multiple RVEs are arranged for the generation of macrostructure, since RVE is locally periodic. A certain minimum distance is maintained between two random fibres to avoid the generation of excessively steep stress gradients and meshing difficulties. The minimum distance in this algorithm is being set as 0.001 times the side length of RVE. The volume fraction is updated each time when a newly generated random fibre is placed inside the cube satisfying the above criteria.
Geometric periodicity
To study the behaviour of composite materials comprising of fibre and matrix, microstructural model had been generated. Microstructural model, here known as representative volume element, is a statistical representation of real structure with heterogeneous nature. One of the major assumption of RVE generation is that the model is geometrically periodic in nature. The key idea of this section is to detail the implementation of geometric periodicity in the development of RVE.
The geometric periodicity can be seen as material periodicity, that is, the material should not experience the wall effect. In other words, it means that the reinforcement should penetrate through the walls or boundaries of an RVE (see Gitman et al., 2007 ) . In order to have the continuity of the material the reinforcements penetrating the boundaries are allowed to reappear through opposite sides. Thus, an RVE represents any part of the material and can be considered as the part of a larger sample. On similar lines, to ensure the geometric or material periodicity for a 3D (cuboid) RVE, geometric periodicity has to be maintained all along the faces, edges and corners of RVE considered. Therefore, by replicating an RVE in three perpendicular directions one should be able to form the actual structure.
In the following sections, the implementation of periodicity across faces, edges and corners is explained in detail. A model cubic cell and its nomenclature used in the generation of geometric periodicity in an RVE is presented in Fig. 3 . This nomenclature can be used for more than one cell with respect to the cell number.
Periodicity across faces
In this case periodicity across faces is implemented to maintain the continuity of fibres across the faces of an RVE when a fibre crosses a face. The following procedure is incorporated to build the periodicity of an RVE across face.
The fibres that are crossing the face of a parent cell is shared by a single adjacent virtual cell as shown in Fig. 4 (a) . The parent cell is numbered as cell 1 and virtual cell is numbered as cell 2. A part of fibre shared by cell 1 is named as region 1 and denoted as R 1. The remaining part of fibre shared by cell 2 is named as region 2, which is denoted as R 2. In this case, fibre crossing the face 2 of cell 1 enters the face 4 of cell 2 as shown in Fig. 4 (a) . The fibre is trimmed by the face across which it crosses and separated along with their respective cells as shown in Fig. 4 (b) . The region 1 of fibre along with cell 1 separately and region 2 of fibre along with cell 2 separately cannot be considered as an RVE, because the continuity of the fibre is not maintained across the faces of individual cells. To ensure the continuity of fibre across faces, R 2 of cell 2 is copied to occupy the same position in cell 1 as shown in Fig. 4 (c) . The same can be obtained by copying R 1 of cell 1 to occupy same position in cell 2. Now, the cell in Fig. 4 (c) can be stated as an RVE. It should be noted that the common intersection between cylindrical fibre and faces of an RVE need not be circular in shape, due to orientation of fibre.
Periodicity across edges
This case deals with the implementation of periodicity when fibres cross the boundary of RVE through the edges. Here, a fibre is considered to pass across the edge FH in cell 1, as shown in Fig. 5 (a) .
A fibre crossing the edge of a parent cell is shared by three virtual adjacent cells as shown in Fig. 5 (a) . This part of the fibre, along with the parent cell, is not periodic in nature. The following steps are adopted to make the parent cell to be periodic.
Both parent and virtual cells along with fibre are trimmed with X and Y planes and separated as shown in Fig. 5 (b) . The fibre is trimmed into four different regions and named along with their respective cells as R 1 through R 4. Each region of fibre along with its shared cell does not make the respective cell geometrically periodic along the edges. To make periodic arrangement, part of fibres from cell 2, cell 3 and cell 4 are copied and made to occupy the same position and orientation in cell 1 as they occupied in their respective cells as shown in Fig. 5 (c) . The cubic cell in Fig. 5 (c) can now be called as an RVE. The same RVE can be generated from any of the adjacent cell by making the regions of fibre in the remaining cell to occupy the same position in this cell.
Periodicity across corners
When fibres are sequentially arranged in a cube, there is a possibility that a fibre may cross the boundary of the cube through its corner. A fibre crossing the boundary of the parent cell through its corner is shared by seven adjacent virtual cells as shown in Fig. 6 (a) . Each cell holds a small region of fibre. The parent cell is numbered as cell 1 and the remaining cells are virtual cells and their numbering is shown in Fig. 6 (a) . The fibre crossing the corner of cell 1 is trimmed by X, Y and Z planes and then separated in the respective cells as shown in Fig. 6 (b). R 1 along with cell 1 alone does not represent an RVE. To ensure it as an RVE, geometric periodicity needs to be maintained. Hence, region of fibres from seven adjacent virtual cells are copied and made to occupy the same position in the parent cell as it occupied in their respective virtual cells as shown in Fig. 6 (c). Now the cell in Fig. 6 (c) can be termed as an RVE with periodic arrangement across the corners. With the similar procedure, any of the virtual adjacent cell can be made an RVE with periodicity across the corners.
Remark 2.
In an actual RVE, the periodicity will include the periodicity across all faces, edges and corners.
Mathematical formulation for line intersection
In the generation of RVE, the fibres are added sequentially until the required volume fraction is attained. In addition, the new fibre added should not intersect with the previously added fibres. Thus, an algorithm to check for the intersection of fibres is required. An algorithm has been developed using Sunday's technique ( Schneider and Eberly, 2002 ) to check the intersection of two fibres using calculus. The fibres considered are straight and cylindrical in shape. So, to check for intersection it is easy to check the distance between two axes of cylinders rather than comparing the distance between two surfaces of the cylinders.
Consider two lines L 1 and L 2 given as, respectively
where, u and v are line direction vectors. Let a vector between the points on these two lines be given as
For any n -dimensional space, the two lines L 1 and L 2 are clos-
If the two lines L 1 and L 2 are not parallel and do not intersect each other, then the segment P C Q C joining these points is uniquely simultaneously perpendicular to u · W C = 0 and
where,
Eq. (2.4) and solving, we get
where
Substituting these values in Eq. (2.5) and Eq. (2.6) and solving for s C and t C results in
If ac − b 2 = 0 , it indicates that two lines are parallel and the distance between the lines is constant. This condition can be solved for parallel distance separation by constraining the value of one parameter and using either of the Eq. (2.7) to solve for the other as given below. Now, let us select s C = 0 and
. Substituting s C and t C instead of s and t in Eq. (2.1) and Eq. (2.2) indicating two points P C and Q C between two lines L 1 and L 2 where they are closest to each other. The distance between them is given by
The distance measured by using Eq. (2.8) may not be the closest distance between two line segments due to its infiniteness. The segments on these lines are given as, respectively
The first step in calculating distance between two segments is to get the closest points for infinite lines that they lie on. Hence, s C and t C for L 1 and L 2 are computed initially and if these are in the range of respective segments then they are the closest point. However, if they lie outside the range of either, then new points have to be determined that minimize W (s, t ) = P (s ) − Q (t) over the range of interest. So, quadratic minimization method has been implemented to determine the minimum length of W as it is same as minimizing length of | W | 2 . Here,
which is a quadratic function of s and t and defines a paraboloid over the ( s, t )-plane with a minimum at C = ( s C , t C ) (see Fig. 7 ), which is strictly increasing along the rays in the ( s, t )-plane that start from C and go in any direction. But when segments are involved we need the minimum over a subregion G of the ( s, t )-plane, and the global absolute minimum at C may lie outside the region G (see Fig. 7 ). However, in these cases the minimum always occurs on the boundary of G and in particular on the part of G 's boundary that is visible to C , indicating a line from C to the boundary point which is exterior to G . It forms a unit square in this case. The four edges of the square are given by s = 0 , s = 1 , t = 0 , t = 1 as shown in Fig. 7 and if C = (s C , t C ) is outside G then it can see at most two edges of G . The conditions upon which the values s and t of the closest point between two line segments can be obtained, are as follows:
Clearly, if C is not in G , then at least 1 or at most 2 of these inequalities are true, and they determine which edges of G are candidates for a minimum of | W | 2 .
The procedure for the minimization for each candidate edge and basic calculus implemented to compute the minimum on that edge, either in its interior or at an end point can be seen in the work of Schneider and Eberly (2002) .
Computer implementation
RVE generation algorithm based on RSA technique has been implemented in MATLAB by modeling fibres as a line segment in a cube or cuboid. By using the information generated, a command file has been generated in MATLAB, which is imported in the commercial software HYPERMESH ® to generate a solid RVE model maintaining periodicity in it. Since fibres get trimmed to maintain periodicity, the cross sectional shape of fibres may look elliptical. The tetrahedron elements are most suitable for such a geometry. Therefore, the tetrahedron elements are formed from a 2D triangular elements on the boundary. Initially, a solid RVE is meshed on one side of the surface of cube using 2D triangular elements and the same elements get duplicated and transformed to opposite face to maintain the periodicity. Similarly, elements for fibre on the surface get duplicated and transformed to the opposite face. To form a 3D tetrahedron mesh, elements formed through triangular mesh should be closed. To ensure closed volume, equivalence check is done. 3D tetrahedron matrix and fibre elements are created, which now represent an RVE with finite elements. Once the mesh has been generated using the required volume fraction, the software provides the coordinates and connectivity matrix for all the nodes generated. This data serves as an input for the finite element code for homogenization theory. A conjugate gradient solver is developed to solve the resulting system of equations.
The results obtained from the finite element implementation of homogenization theory for the prediction of effective properties from the RVEs generated are compared with those obtained from Halpin-Tsai ( Halpin and Kardos, 1976 ) and Mori-Tanaka methods ( Mori and Tanaka, 1973; Mura, 1987 ) . The details of these methods are presented in Appendix A. The finite element and the periodic boundary conditions implementation is presented in Appendix B.
Results and discussion
In this section, effects of fibre orientation and fibre volume fraction on the effective properties of RVE developed using RSA algorithm and the material behaviour based on fibre orientation are discussed.
To study the effect of orientation of fibre in chopped fibre reinforced composites, four different types of RVEs have been developed. Firstly, RVEs have been developed with all chopped fibres aligned in a particular direction. Secondly, all the fibres were randomly oriented in on of the plane (here XY -plane is chosen) and restricted in remaining planes of an RVE generated. Next, RVE is created with randomly oriented fibres in one plane ( XY -plane) and partially oriented in another plane (here XZ -plane is chosen). The orientation restricted to another plane is ± 10 °. Finally, an RVE with completely random oriented fibres in all planes is generated. Table 1 represents the summarised form of different cases considered in this study for the effect of fibre orientation on effective properties. The material considered in this study is AS4 carbon fibre and 3501-6 Epoxy matrix ( Soden et al., 1998 ) . The material Table 2 Mechanical properties of AS4 carbon fibre material ( Soden et al., 1998 ) . Table 3 Mechanical properties of 3501-6 epoxy matrix material ( Soden et al., 1998 ) .
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properties of the fibre and matrix materials are given in Table 2 and Table 3 , respectively. To generate random distribution in an RVE, uniform distribution function (available in MATLAB) had been used in RSA algorithm. RVEs are generated for different volume fractions for all the cases mentioned in Table 1 . For a given volume fraction 5 RVEs are generated to see the efficacy of methodology adopted to generate RVE in repeating the predicted effective stiffness. The fibres considered in this study are of cylindrical in shape. Initially, fibres are generated with its center at origin aligned along X direction and then translated to randomly generated coordinates inside the RVE by using uniform distribution function with geometric periodicity until a desired volume fraction is achieved. The dimensions of RVE are chosen based on previous study carried out by Iorga et al. (2008) as 2 l f × 2 l f × 4 d f , where l f is the length and d f is the diameter of short fibres considered. In the current study the estimation of RVE size not emphasized, rather the approach used in Iorga et al. (2008) has been used to choose the RVE sizes. Further, the RVE size chosen above is for the case of completely random oriented fibre case. More details can be seen in Iorga et al. (2008) and references therein.
Once the RVE size is chosen the fibres are added sequentially as discussed earlier. This procedure of adding fibres to an RVE is continued till no more fibres can be added to it without touching the already added fibres in the RVE. Since, the size of the RVE and number of fibres are known the fibre volume fraction of the resulting material can be calculated. It should be noted that in maintaining the periodicity if any fibre is coming out of the RVE then that part is placed inside the RVE. Thus, the number of fibres in an RVE is always a whole number.
Remark 3. In the generation of RVE with the periodic condition only the integer number of fibres are added in it. Furthermore, the size of the RVE is kept fixed. Thus, depending upon the aspect ratio of the fibres and their orientations a certain volume fraction could be achieved like 15.43%, 21.03%, etc. but these same volume fractions could not be achieved for all the cases studied. However, to have a fair comparison, it has been tried to achieve almost the same volume fractions for all cases studied.
Case 1: in-plane aligned fibres
In this section effective properties of aligned fibre composites and its material behaviour is studied in detail. The convergence criterion for aligned fibre composite properties is also reviewed in detail.
In this case, fibres were not allowed to orient in any direction during the generation of RVEs. Four different fibre volume fractions of 15.43%, 18.23%, 21.03%, 22.44% are considered to study the effective material properties and their behaviour. The maximum volume fraction which can be achieved using RSA algorithm for this case is 22.44% with 16 cylinders of aspect ratio 3.5. Five models of RVE for each volume fraction have been generated as shown in Figs. 8 , 9 , 10 and 11 , respectively. Fig. 12 shows a typical meshed RVE used in the analysis. One can note that the exact meshes are reproduced on opposite faces of the RVE to ensure periodic boundary conditions.
The effective stiffness tensors obtained by analyzing the RVEs for fibre volume fraction of 15.43 and 22.44% are given in Tables 4  and 5 , respectively as examples. The subscripts used with these tensors denote the corresponding RVE. It is to be noted that all these tensors are symmetric. 11650  3482  3480  0  5  0  7164  3343  0  0  0  7162  2  0  7  1931  0  2  2095 0 2097 11386  3450  3560  10  98  5  7168  3347  0  3  0  7153  18  3  4  1918  3  13  2121 22 2091 Table 5 Effective stiffness tensors for all fibres aligned case with fibre volume fraction of 22.44% (Values in MPa).
[ 13900  3638  3548  0  104  0  7545  3305  14  0  0  7574  3  9  3  2091  0  11  2434 14 2435 Table 6 Properties of aligned short fibre composites: Case 1. Remark 4. Note that the X, Y and Z directions are represented as 1, 2 and 3, respectively. Further, the stress and strain vectors, for the resulting constitutive material, are arranged as { σ 11 σ 22 σ 33 σ 23 σ 13 σ 12 } T and { ε 11 ε 22 ε 33 ε 23 ε 13 ε 12 } T , respectively. The components of effective stiffness tensor C ij have one to one correspondence with respect to these vectors.
To quantify the closeness of in-plane isotropic behaviour of an RVE with fibres aligned in XY -plane, a parameter based on stiffness tensor entries relation for transversely isotropic behaviour is defined as
where, C yz 22
and C ij are the components of effective stiffness tensor. It is to be noted that the fibres are aligned along X direction. Therefore, it is expected for this case that the macroscopic behaviour will be isotropic in a plane perpendicular to X -axis, that is, the YZ -plane. However, one can define such a parameter for any other plane as well. Further, to check if the overall material behaviour is isotropic, a non dimensional parameter, a is employed here. This is defined based on the stiffness entries relation for a typical isotropic material behaviour as . Thus, the parameter a YZ is an indicator of in-plane isotropy for YZplane, whereas the parameter a is an indicator of overall isotropy. When the value of a Y Z = 1 then the material is isotropic in YZplane and when a approaches 1 the material is said to be isotropic. The relations between stiffness entries for various material behaviour can be seen from their stiffness tensor (for example see Mohite ) . Similar definitions of parameters are proposed in Kanit et al., (2006) .
Substituting the entries from effective stiffness tensor obtained from homogenization model, a YZ values are obtained and tabulated in Table 6 . The mean and standard deviation in these values for all fibre volume fractions studied are reported in Table 7 . Thus, from these tables it is seen that that this material indicates more than 99% isotropic behaviour in YZ -plane, that is, macroscopic behaviour is transversely isotropic. The parameter a has the values above 0.72 as can be seen from Table 7 . This indicates that macroscopic behaviour is not isotropic. Further, from this table it can also be seen that as the fibre volume fraction increases the mean value of the parameter a decreases. This can be explained on the basis of fibre packing geometry. Let us measure the contribution of the fibres towards stiffness of the resulting material in terms of their projected areas on the planes of an RVE. As can be seen from the RVEs shown in Figs. 8 through 11 , the increase in projected area on YZ plane as compared to other planes is lesser. Furthermore, as the fibre volume fraction increases the projected areas on the three planes are not increased proportionately. Thus, the stiffness contribution due to fibre volume fraction increase is more in other planes as compared to that for YZ plane. This can be clearly seen from Tables 4 and 5 as well. Thus, the parameter a shows a small decrement in its value as the fibre volume fraction is increased. The effective engineering properties/constants are deduced from the coefficients obtained by inverting these tensors (compliance tensors). The effective properties obtained from homogenization technique for all the five RVE models for all volume fraction are reported in Table 6 . The obtained results are compared with those of Mori-Tanaka (denoted by MT ) and Halpin-Tsai (denoted by HT ) methods.
From these results it can be seen that for all the fibre volume fractions studied the results of the homogenization method lie between Mori-Tanaka and Halpin-Tsai methods. Further, it can be seen that as the volume fraction increases, the Young's moduli and shear moduli increase and the Poisson's ratios decrease slightly. This is because at low volume fractions RVE is almost filled with low stiffness epoxy material and as fibre volume fraction increases matrix content reduces and fibre starts withstanding load, which is comparatively a stiffer material leading to decrease in Poisson's effect. Since fibres are aligned in X direction, effective elastic constants like Young's moduli and shear moduli are high in that direction compared to other directions.
The mean values of the effective properties for the RVEs for their respective fibre volume fractions along with standard deviation (SD) for these values are reported in Table 7 . The percentage standard deviation among the properties is comparatively higher for E 1 values and close to zero for the remaining properties. It can be seen from Table 7 that as the volume fraction increases, SD for E 1 decreases slightly and there seems no change for remaining properties. The variation in effective properties among different RVE models of a volume fraction is due to random packing and periodic arrangements of fibres in that RVE. Table 8 indicates the percentage difference between mean values of effective properties obtained from homogenization model implemented with respect to Mori-Tanaka and Halpin-Tsai models. It is seen that this percentage difference is less for Halpin-Tsai method than Mori-Tanaka method in the respective properties, except the out of plane Poisson's ratio in transverse direction, ν 23 . It is further seen that, in general, as the volume fraction increases this difference increases for both methods. For Young's moduli this difference varies between 2.5% to 12%, for shear moduli it is between 3% to 10% and for Poisson's ratio the maximum difference is seen upto 26%. This maximum difference is seen with respect to Halpin-Tsai method for ν 23 . Furthermore, this maximum difference is because the fibre packing fraction is not considered in Halpin-Tsai model. Also, the engineering constants of short fibre composite are weakly dependent on fibre aspect ratio and hence approximated using continuous fibre formulae.
Remark 5. The values of the engineering constants reported for the effective behaviour in Table 9 assumes that the degree of anisotropy for the effective stiffness tensors is negligibly small. For example, the highest upper right 3 × 3 non-zero entry for [ C ] 1 when compared with the smallest upper left 3 × 3 entry is less than 3%. A similar observation is made in the studies carried out by Kanit et al. (2006) and Iorga et al. (2008) . Therefore, the effective stiffness tensor is assumed to have the coefficients corresponding to normal-normal coupling part (upper left 3 × 3 entries) and diagonal entries for shear part only (diagonal entries of lower right 3 × 3 entries) and all other entries are made zero. Then this is inverted to evaluate the engineering constants. When the engineering constants obtained from this approach are compared with those obtained by retaining all the terms in original effective stiffness tensor of an RVE (as given in Tables 4 and 5 ) then no significant change in the values is observed. The values shown in boxes in Table 9 are the values with a negligible change when compared to those in Table 6 . The maximum change is less than 1%. Thus, this also shows that the degree of anisotropy is not significant. Therefore, for the remaining cases studied in the following, this anisotropy is not ignored while calculating the properties of RVEs.
A brief convergence study is also carried out for finite element computations by investigating the numerical results as the numbers of elements are increased in the domain (RVE). A set of numerical solutions for in-plane aligned fibres case has been made for five different meshes based on the number of elements used in these meshes. Here, the convergence of engineering constants E 1 , E 2 , G 12 , G 23 , ν 12 and ν 23 is studied. The number of elements are varied from 5 × 10 4 to 3 × 10 5 . The results obtained for various mesh sizes interpret that around 2 × 10 5 number of elements the results (that is, property values) are converged. Hence, for the remaining models of RVE, mesh size with number of elements 2 × 10 5 and above are used to discretize the model. The linear tetrahedron elements are used to obtain the solution. The convergence of the engineering constants with the number of elements is shown in Fig. 13 . 
Case 2: In-plane randomly oriented fibres
In this section, the material behaviour of RVEs generated with random in-plane orientation of fibres in XY -plane is studied in detail. In the RVEs generated, initially the fibres with their centres located at different positions, are aligned along X -axis. The location of centres of these fibres are generated randomly with a uniform probability distribution function. Then these fibres are oriented randomly about Z -axis, again with a uniform probability distribution function. The fibres are allowed neither to intersect nor to overlap each other. RVEs with three different volume fractions have been generated with a maximum volume fraction of 22.44%. Five different models of RVEs for volume fractions of 15.43%, 18.23% and 22.44% have been generated to study the effect of fibre volume fraction on the behaviour of RVEs. The RVEs for these volume fractions are shown in Figs. 14 , 15 and 16 , respectively. Fig. 17 shows an RVE with meshing used in the finite element analysis. Table 10 represents the effective material properties obtained through homogenization technique for different volume fractions. It is observed that for a given volume fraction the Young's modulus in X and Y directions are close to each other compared to Z direction, whereas the values of shear moduli and Poisson's ratios are close to each other in out of plane directions ( XZ and YZ plane) . This is due the fact that fibres are having random orienta- 
Table 10
Properties of in-plane oriented short fibre composites: Case 2. tion in XY -plane and as explained for Case 1, the projected areas of fibres on XZ and YZ planes are approaching to be equal. Thus, contribution of fibre stiffness is almost equal in these planes, unlike in Case 1. However, for YZ -plane the projected area is almost same as in Case 1 for a given volume fraction. It is to be noted that the fibre itself is transversely isotropic in nature here. Due to this arrangement of fibres in RVEs and their transverse isotropic nature, the isotropy in YZ plane is affected. This can be seen through the decrement of parameter a YZ in comparison to Case 1. This is reduced to a minimum of 83% for the studied volume fractions. On the contrary, this arrangement has led to an improvement in overall isotropic behaviour as can be seen through the values of parameter a . This value is above 91% for the volume fractions studied (See Table 11 ). Furthermore, as the volume fraction increases these properties also increase. Table 11 represents the mean and standard deviation in effective property values of RVEs developed. The values of Young's moduli and shear moduli increase as the volume fraction increases. However, Poisson's ratios decrease slightly with the increase in volume fraction. In general, the standard deviation in the values of effective properties is less than 1 and increases as volume fraction is increased. The standard deviation values for Young's moduli in X and Y directions have comparatively larger scatter than remaining properties due to random orientation and distribution of fibres in that direction ( XY -plane). Further, as the volume fraction increases the scatter in the property values also increases. The variation in properties among different RVE models for a particular volume fraction is attributed to packing arrangement of fibres in RVEs. The very low value of standard deviation (less than 1%) among the property values indicates that the present approach is efficient in generating the RVEs such that predicted macroscopic behaviour is repetitive in nature for the given volume fraction for this case also. 
Case 3: in-plane randomly oriented and out of plane partial randomly oriented fibres
In this section the RVEs generated with fibres randomly oriented in a plane and partially oriented in out of plane directions are analyzed for their effective properties. This case is a generalization of Case 2, indicating that RVE cannot have all the fibres randomly oriented in one plane only all the time and hence a small out of plane deviation is allowed. The procedure followed to generate an RVE is same as in Case 2 and further allowing orientations of the fibres by ± 10 °in XZ -plane. Here also the effect of volume fraction is studied by considering three different volume fractions. 
Table 12
Properties of in-plane and partial out of plane orientation for short fibre composites: Case 3. The three volume fractions of 15.43%, 19.63% and 21.04% are studied for this case. For each volume fraction five different models of RVE have been generated. Fig. 18 , Fig. 19 and Fig. 20 show the RVE models generated for 15.43%, 19.63% and 21.04% fibre volume fractions, respectively. Figure 21 shows an RVE meshed for finite element analysis. The effective properties obtained for the RVE models have been reported in Table 12 . Table 13 represents the mean and standard deviation in these effective properties. It is seen that effective properties from different RVEs for the respective volume fractions are close to each other. It can be observed that the Young's modulus in z direction, E 3 shows a slight increment in the values for respective volume fraction. This is due to partial orientation of fibres in that direction. This also affects the Young's moduli in X and Y directions and a small increment is also seen in these values in comparison to those reported for Case 2. Further, it is observed that the shear moduli G 13 and G 23 are again close to each other for respective RVEs of all volume fractions as in Case 2. However, the respective values are little lowered in comparison to those of Case 2. This is because of partial orientation of fibres in the Z -direction. The contribution coming from the fibre direction is now lesser. A similar behaviour is observed for G 12 for the same reason.
From Table 13 it is seen that the effective properties of composite material developed increase as the volume fraction increases. This is due the fact that the contribution of the properties from fibre, particularly the ones in fibre direction increases as the fibre volume fraction increases. However, for the Poisson's ratios the values decrease as the fibre volume fraction increases. Again this is due to constraint imposed by fibre properties in fibre direction on the lateral expansion of the resulting composite. Tables 12 and 13 give insight about the macroscopic behaviour of the resulting composites through the parameters a YZ and a . The isotropy in YZ -plane, in general, is reduced in comparison to Case 2. Further, as the fibre volume fraction increases this value de- creases. The parameter a YZ is seen to have value above 0.82 for the volume fractions studied. Furthermore, the macroscopic isotropic behaviour represented by a is seen to reduce and also reduces with the increase in fibre volume fraction. Here, this parameter has a value above 0.87 for the volume fractions studied. The change in macroscopic behaviour in comparison to Case 2 is due to partial alignment of fibres in the Z -direction. Note that the volume fractions achieved in the RVEs of cases studied, that is Case 1, Case 2, etc. are very close but not the same.
Case 4: completely random oriented fibres
In this section, fibres are allowed to orient randomly in all planes inside an RVE. To generate the RVE, fibres are located one after the other at random locations and oriented randomly in inplane ( XY -plane) and out of plane ( YZ -plane). The geometric periodicity is maintained in RVEs and fibres are allowed neither to overlap nor to intersect each other. The fibre volume fractions considered for RVE generation with random oriented fibres are 15.23%, 19.23% and 21.64%. The RVEs generated are as shown in Figs. 22 , 23 , 24 , respectively for these volume fractions. Five different models of RVE for each volume fraction considered have been created and their effective properties are obtained. A typical meshed RVE from this case has been shown in Fig. 25 .
The effective stiffness tensors for the fibre volume fraction of 15.23%, as an example, are given in Table 14 . The subscripts used with the stiffness tensor [ C ] denote the corresponding RVE of that volume fraction. From this table it is seen that the degree of anisotropy is not significant for this case also. Table 15 presents the effective properties of individual RVE models considered for this case. It is observed from Table 15 that Young's moduli in all three directions of different RVEs for a particular volume fraction are almost equal. Furthermore, a similar observation can be made for shear moduli and Poisson's ratios. Mean and standard deviation in the values of the properties from these models have been calculated and reported in Table 16 . It is inferred from Table 16 that as the volume fraction increases the effective elastic moduli increase and Poisson's ratio decrease. The standard deviation for all properties is less than 1% for all volume fractions studied. This indicates that the deviation of effective properties of an individual model from the mean values is very less. This again indicates the efficacy of repetitiveness of the approach used to generate RVEs in predicting effective properties.
The parameters a YZ and a reported in Table 15 and Table 16 show that their values are approaching to unity. Thus, it indicates that the overall macroscopic behaviour of the material is approaching to isotropic. This behaviour is as expected because the arrangement of fibres inside such a composite is completely random leading to equal distribution of their properties in all directions. However, it is seen that as the fibre volume fraction increases the values of these parameters decrease slightly.
It is seen that the parameter a YZ , which is defined to denote the isotropy in YZ plane is approaching to unity for this case. It was seen earlier that for the Case 1 it also approached unity. Then for Case 2 and Case 3 it deviated from unity. It is to be noted that as the overall material behaviour is approaching to isotropic nature then in any plane it will behave isotropic in nature. Thus, this observation is consistent. One could have chosen any plane to check the isotropy in that plane. However, in the Case 1 the fibres were aligned normal to YZ plane, therefore, this plane was used to check the isotropy.
Remark 6. In general, it is seen that as the fibre volume fraction increases the SD in the effective property values increases. This is due to packing factor of fibre arrangement. In the present approach the fibres are added one after the other with the constraint that they do not touch other. This is implemented by controlling the Table 14 Effective stiffness tensors for all fibres randomly arranged case with fibre volume fraction of 15.23% (Values in MPa).
[ 7825  3452  3547  47  101  173  7528  3457  0  35  78  7906  20  79  57  2083  61  47  2130 24 2090 7605  3473  3455  1  44  83  7761  3440  11  18  87  7992  48  64  15  2075  10  8  2070  21 Table 15 Properties of completely random orientated short fibre composites: Case 4. distance between the closest points on the adjacent fibres. Further, the dimensions of the RVE chosen are fixed for all fibre volume fractions. Thus, these constraints restrict the arrangement of fibres that are added at later stages. In turn, it causes the deviation in the effective properties. However, this deviation for all the cases studied here is less than 1% indicating the efficacy of the approach developed for the RVE generation.
Conclusions
In the present study a statistical representation of the short fibre composite material at microscale through a representative volume element has been developed using random sequential adsorption technique. A numerical tool developed using MATLAB generates the RVE for a maximum volume fraction of 22.44% by maintaining the distance between adjacent two fibres as 0.001 times the side length of the RVE. Geometric periodicity is implemented while developing the RVE to ensure the continuity of the fibres across the neighbouring RVEs. Mathematical theory of homogenization has been implemented for the prediction of effective stiffness. Here, four different cases of fibre arrangements in RVE had been modeled and analyzed for their effective properties. For each case of fibre arrangement, RVEs with three/four different fibre volume fractions are evaluated for effective stiffness. To study the effectiveness of RVE generation algorithm in terms of repetitiveness of predicted stiffness, five RVEs are studied for each fibre volume fraction. The results of the case where all fibres are aligned in one direction are compared with those of Mori-Tanaka and Halpin-Tsai methods. A brief convergence study with respect to number of elements in finite element discretization is also carried out.
The key conclusions that can be made from this study are listed as: 2. When the volume fraction increases, the effective properties increases in both RVE and non-RVE methods, also the percentage difference with two non RVE methods also increases. Longitudinal Young's modulus from present study has 6.5% to 11% and 6.5% to 12% difference with respect to Mori-Tanaka and HalpinTsai methods, respectively. The transverse Young's modulus has approximately 7.5% to 12% and 2% to 4.5% difference with MoriTanaka and Halpin-Tsai methods, respectively. For transverse shear modulus, the percentage difference is 3% to 10.5% and 3% to 8% with respect to Mori-Tanaka and Halpin-Tsai methods, respectively. 3. Poisson's ratio has 0.15% to 4% and 4% to 9% deviation, except for ν 23 which has 2% to 7% and 22% to 25.8% deviation with respect to Mori-Tanaka and Halpin-Tsai methods, respectively. This large deviation is due to location and orientation of fibres in RVE, volume fraction and aspect ratio of fibres. 4. The effective properties obtained from mathematical theory of homogenization for different RVEs for a particular case ensures the reliability of RSA algorithm developed and consistently predicts the effective material properties. Standard deviation values on effective properties of RVEs developed is either close to zero or less than 1%, which also indicates the efficacy of the algorithm developed for RVE generation in fulfilling the requirement of repetitiveness of the resulting effective material. 5. RVEs with in-plane aligned fibres behave like a transversely isotropic material at macrolevel in a plane perpendicular to the direction of fibre alignment due to fibre packing arrangement in RVE, whereas RVEs with random in-plane orientation at microscale behave like a transversely isotropic material at macroscale in another particular plane. Further, RVEs with random in-plane orientation and partial out of plane orientation of fibres also behave closely to transversely isotropic nature. Finally, RVEs with completely random orientation of all fibres at microscale, behaves like an isotropic material at macrolevel. As the restriction of random distribution of fibres in an RVE is relaxed more and more the macroscopic behaviour changes from transverse isotropy, with respect to a particular plane, to fully isotropic. For in-plane aligned fibres in RVE, the material developed is almost 98-99% close to transverse isotropy and 73-78% overall isotropy in nature. The materials with in-plane randomly oriented fibres, the material is more than 83% close to transversely isotropic behaviour and about 91% overall isotropic behaviour. The RVEs with randomly in-plane fibre orientation and partial out of plane fibre orientation exhibited more than 82% closeness to transversely isotropic behaviour and over 87% overall isotropic behaviour. Finally, the RVEs with completely random oriented fibres exhibited more than 90% closeness to transversely isotropic behaviour and more than 95% overall isotropic behaviour of the material. 6. As fibre volume fraction increases the parameters defined to represent degree of transverse isotropy, a YZ , and degree of overall isotropy, a , decrease, in general, for all four cases studied.
The maximum change of 14.87% and 11.90%, respectively was seen for Case 3 with fibres arranged randomly in in-plane and partial out of plane random arrangement. This is due to packing geometry factor. 7. Stiffness tensors showed negligible anisotropy and were symmetric for each of the RVE studied for all the cases.
Appendix A. Methods for predicting effective stiffness
In this section three different methods are explained which are used to estimate the effective stiffness tensor. These methods are: Mathematical theory of homogenization ( Hollister and Kikuchi, 1992 ), Halpin-Tsai technique ( Halpin and Kardos, 1976; Tucker and Liang, 1999 ) and Mori-Tanaka ( Mori and Tanaka, 1973; Mura, 1987 ) method. The former one is an RVE based method and the later two are non RVE methods.
A1. Mathematical theory of homogenization
Homogenization theory is developed from studies of partial differential equations with rapidly varying coefficients. To represent a complex rapidly varying medium with slowly varying medium, in which fine scale structure is averaged in an approximate way, the following two explicit assumptions are made in homogenization theory.
1. Fields vary on multiple scales due to existence of microstructure. 2. Microstructure is spatially periodic.
The relevant field variables are approximated by an asymptotic expansion as
is the exact value of field variable, u 0 i is the macroscopic value of field variable, u 1 i ; u 2 i , etc. are perturbations in field variables due to microstructure, x i and y i are the global level and micro level coordinates, respectively and η is the ratio of microstructure size to the total size of analysis region η =
Classical arguments of oscillating functions result that the macroscopic stress and strain tensor must be the average of microscopic stress and strain quantities. Thus,
where, σ i j , i j are the average stresses and average strains and σ ij and ij are the local stresses and local strains in RVE and V RVE is the volume of RVE. Substituting the asymptotic expansion of Eq. (A.1) in terms of strains and neglecting the higher order terms of the standard weak form of equilibrium equations governing the mechanical behaviour of the composite material at different levels of structure, we get strains as
The components of strain tensor can be written as
wherein, ij is the local or microstructural strain tensor, i j is the average or macroscopic strain tensor and * i j is the fluctuating microstructural strain tensor which is assumed to vary periodically. Similarly, the virtual displacement v and hence the virtual strain i j ( v ) is also expanded asymptotically as a function of x and y , neglecting the higher order terms. The resulting components of strain tensor can be written as
The expanded forms of strain tensors are substituted in standard weak form of equilibrium equations given by
where, η represents the total of macroscopic and microscopic domain of the composite materials, is the macroscopic domain boundary and traction t i is applied only to boundary of composite material. Substituting the expanded strain tensors in Eq. (A.8) yields where, δ ij is the Kronecker delta.
The effective stiffness tensor which relates average stress and average strain can be calculated from M ijkl by applying Hooke's law at microscopic level and integrating it over the volume of RVE and then divide by the volume of RVE. Thus, RV E kl (A.18) from which the effective stiffness tensor can be written as
A2. Halpin-Tsai method
The key point of this section is to give a brief description about the formulation of Halpin-Tsai technique used to estimate the properties of aligned short fibre composites.
The works of Hill (1964) and Hermans (1967) were employed to derive Halpin-Tsai ( Ashton et al., 1969 ) equations for continuous fibre composites. However, ( Kerner, 1956 ) suggested that HalpinTsai form of equations can also be used for particulate composite. A detailed derivation of Halpin-Tsai formulation is explained by Halpin and Kardos (1976) . A short description of formulation has been explained in this section.
A2.1. Young's modulus along fibre direction
Halpin-Tsai expressed longitudinal Young's modulus for aligned short fibre composite as follows where, E 11 is longitudinal Young's modulus of composite along fibre direction, E 1 f is Young's modulus of fibre in longitudinal direction, E m is Young's modulus of matrix material, η is a parameter that depends on the matrix Poisson's ratio and on the particular elastic property being considered, V f is the fibre volume fraction of composite material and AR is the aspect ratio of fibre. The pa- A.28) where, C f and C m are the stiffness tensors for fibre and matrix materials, respectively and S m is the compliance tensor for matrix material. This formulation was used in Hill's approach by Russel (1973) to estimate the properties of aligned fibre composites. When many inclusions are immersed in matrix, strain concentration tensor, reformulated by Mori-Tanaka, is given as By inverting effective stiffness tensor, effective compliance tensor is obtained, which gives the relations for effective engineering constants.
Appendix B. Finite element implementation of mathematical homogenization theory
In the present study, an in-house finite element code is developed to determine the homogenized properties of composite materials using mathematical theory of homogenization. The RVEs are discretized with linear tetrahedron elements. The commercial meshing software HYPERMESH ® is used to discretize the RVEs. A displacement based finite element formulation with three displacement variables at each node has been implemented (see Cook et al., 2002 for more details).
In the following, the implementation of periodic boundary condition and post-processing of the results (displacement vector) to get the effective stiffness tensor is presented in brief. 
B1. Implementation of periodic boundary condition
Effective material properties of an RVE can be computed by ensuring the repeatability of boundary conditions to make * kl i j periodic in Eq. (A.14) . The periodic boundary condition is implemented as follows.
1. Creating identical mesh on opposite faces of RVE, leading the nodes on opposite faces to have same coordinates tangential to face as shown in Fig. 26 . Furthermore, these nodes are given same global numbers. 2. Element stiffness matrix and load vector assembling has been done as per the above criteria indicating identical displacements on opposite faces of an RVE. 3. Finally, to constrain the rigid body motion, the displacement at one of the node has to be fixed.
B2. Post processing
Once the weak form of equilibrium equation has been solved for six different loading cases individually, the fluctuating strain tensor * kl i j are evaluated at each integration point. These are used to construct the microstructural strain tensor M ijkl . Then the effective stiffness tensor C i jkl can be found by integrating over the discretized RVE and then divided by total volume of RVE as
where C is the constituent stiffness tensor, M is microstructural strain tensor, | J | is the determinant of the Jacobian, NELEM is number of elements in RVE, w j are the weights and NINT is the number of integration points used in numerical integration.
